In this paper, for an algebra, weakly ordered multiplicative basis with weakly admissible order is introduced as an invariant under almost Morita equivalence and it is shown that an algebra with weakly ordered multiplicative basis is a quotient of its corresponding generalized path algebra, as a generalization of the classical Gabriel structure theorem. Finally, it is shown that the skew group algebra of a cyclic group over an algebra with ordered multiplicative basis has really a weakly ordered multiplicative basis.
Introduction
Originally, the classical theory of Gröbner bases gives efficient methods of computation of Hilbert polynomials of graded and filtered modules over polynomial rings. Mora in [11] presented the method of Gröbner bases for free algebras over a field when such a basis is finite. Since path algebras are quotients of free algebras, Green et al [5] extended the theory to path algebras. Furthermore, Green [6] introduces algebras with ordered multiplicative basis and proves this kind of algebras are quotients of path algebras, see Theorem 1.1. From our discussion in this paper, we know indeed such algebras with ordered multiplicative bases are a generalization of artinian basic algebras as said in Remark 3.7, or we say, algebras with ordered multiplicative bases are non-artinian "basic" algebras. So, one can think that this result in [6] is a generalization of the well-known Gabriel structure theorem about artinian basic algebras in [3] [2] .
From [11] [5] [6] , we know the property for an algebra with an ordered multiplicative basis is non-invariant under Morita equivalence. In this reason, one of our motivations is to find a similar notion of ordered multiplicative basis as the replacement which is "almost" invariant under Morita equivalence (we will say it almost Morita equivalent) such that an algebra satisfying such property possesses some similar characterizations. This notion is just the so-called weakly ordered multiplicative basis with weakly admissible order which we will introduce in Section 2. Its main example here is from generalized path algebras in [4] [7] [8] [9] [10] .
On the other hand, in [7] [10], we generalized the classical Gabriel structure theorem for artinian basic algebras to artinian non-basic algebras if they are splitting over radicals as the only condition. As mentioned above, the Green's result in [6] can be thought as a generalization of classical Gabriel theorem to algebras with ordered multiplicative bases as a kind of non-artinian "basic" algebras. As the other motivation of this paper, we want to find a generalization of algebras with ordered multiplicative bases which can be realzied as a kind of non-artinian "non-basic" algebras and but also the generalized Gabriel structure theorem can be obtained for this kind of algebras. It is interesting that they are still algebras with weakly ordered multiplicative bases. The main result in this paper is that an algebra with weakly ordered multiplicative basis are a quotient of its corresponding generalized path algebra.
This paper can be regarded as a further step of representation theory of non-artinian algebras. As we know, due to the classical Gabriel structure theorem, the representation theory of artinian basic algebras is related to the representation theory of quivers. Moreover, by the generalized Gabriel structure theorem in [7] [10], the representation theory of artinian (non-basic) algebras is related to the representation theory of generalized path algebras, equivalently, by [8] , to that of pre-modulations. Therefore, as a development, it would be interesting to study the representation theory of algebras with weakly ordered multiplicative bases (in particular, that with ordered multiplicative bases) related to the representation theory of generalized path algebras (in particular, that of quivers) via the main theorem in this paper. We will do it in our successor research.
Finally, it is shown that the skew group algebra of a cyclic group over an algebra with ordered multiplicative basis has a weakly ordered multiplicative basis. This gives an example of an algebra with weakly ordered multiplicative basis which is not really an ordered multiplicative basis. Now, we give some preliminaries including notions and results for our need. In this paper, K always denotes an algebraically closed field, R a K-algebra. For two subset S, T of R, write ST = {st|s ∈ S, t ∈ T }\{0}. If S 2 ⊂ S ∪ {0}, we say S to be 0-closed. If a set B = {b ω ∈ R : ω ∈ Ω} is 0-closed and also a K-basis of R, then B is called a multiplicative basis for R.
By [6] , > is called an admissible order on B if the following properties hold: A0. > is well-order on B; A1. 
R is said to have an ordered multiplicative basis (B, >) if B is a multiplicative basis for R with an admissible order > on B.
For a multiplicative basis B = {b ω ∈ R : ω ∈ Ω} for R and any r ∈ R, let r = ω∈Ω k ω b ω for k ω ∈ K, the support of r, denoted as Supp(r), is the set of basis elements in B that occur in r, that is, Supp(r) = {b ω : if k ω = 0 for ω ∈ Ω}.
The tip of r, denoted as Tip(r), is the largest basis elements b 0 in Supp(r) on the order >. That is, Tip(r) = b 0 ∈ Supp(r) such that for any b ω ∈ Supp(r), b ω b 0 .
In [6] , we know that for a K-algebra R with ordered multiplicative basis (B, >), the identity 1 of R can be decomposed as 1 = v 1 + · · · + v n such that v 1 , · · · , v n ∈ B form a full set of primitive orthogonal idempotents for R and the set B\{v 1 
b ∈ Γ 0 and b cannot be written as a product b 1 b 2 for b 1 , b 2 ∈ B\Γ 0 }. That is, Γ 1 is the set of product indecomposable elements in B\Γ 0 . Note that Γ 1 is a unique set, as is Γ 0 .
In [6] , it was proved that Γ 0 ∪ Γ 1 generates the multiplicative basis B of R; moreover, see [6, Proposition 3.3] , for any b ∈ B, there exist the unique i, j such that v i b = b and bv j = b, and if
Then, the quiver Γ associated to B can be defined with Γ 0 as the vertex set and Γ 1 as the arrow set such that for
is the starting vertex of b and t(b) is the end vertex of b. We call this quiver the Green quiver of R on B.
The classical notations, concepts and results on quivers can be seen in [2] [3]. The following theorem from [6] is fundamnental for our discussion. Theorem 1.1. Let R be a K-algebra with an ordered multiplicative basis (B, >). Let Γ be the Green quiver of R on B. Then there is a surjective K-algebra homomorphism φ : KΓ → R such that:
the kernel of φ is a 2-nomial ideal; that is, it is generated by all elements of form p or p − q where p and q paths in Γ.
The concept of generalized path algebra was introduced early in [4] . Here we review the different but equivalent method of definition which is given in [10] .
Given a collection of K-algebras A = {A i | i ∈ Q 0 }, let e i be the identity of A i and A 0 = i∈Q0 A i the direct product of K-algebras. Note that all e i are orthogonal central
A j be the free A i -A j -bimodule with basis Ω(i, j). This is the free A i ⊗ k A op j -module over the set Ω(i, j). Then, the rank of i M j as A i -A jbimodule is just the number of arrows from i to j in the quiver Q. Thus,
The generalized path algebra is defined to be the tensor algebra
Here M
As a matter of fact, the classical path algebras are the special cases by taking A i = k. The generalized path algebra K(Q, A) is called normal if all A i are simple K-algebras. This is the most interested case of generalized path algebras, in particular when all A i are central simple algebras. In [7] [9] [10] , normal generalized path algebras are used to characterize the structures and representations of artinian algebras via the method of natural quivers as unlike as the classical method to depending upon the corresponding basic algebras.
Let A be an artinian algebra with radical
Let ∆ 0 = {1, · · · , s} be the set of isomorphism classes of simple A-modules, which is also corresponding to the set of blocks of A/r A . For i, j ∈ ∆ 0 , set the number t ij of arrows from i to j to be rank Ai 
, there is no arrows from i to j. Then we associate A the quiver ∆ A = (∆ 0 , ∆ 1 ) which is called the natural quiver of A.
Moreover, for A and its natural quiver ∆ A , we obtain the normal generalized path algebra K(∆ A , A) with A = {A 1 , · · · , A s }, which is defined as the associated generalized path algebra of an artinian algebra A.
In [10] , it was shown that for an artinian K-algebra A which is splitting over its radical, there is a surjective algebra homomorphism φ : K(∆ A , A) → A with J s ⊆ ker(φ) ⊆ J for some positive integer s, that is, this algebra A is a class of Gabriel-type.
Moreover, we gave in [10] that if an artinian algebra A of Gabriel-type with admissible ideal is hereditary, then A is isomorphic to its related generalized path algebra K(∆ A , A).
Weakly Ordered Multiplicative Bases
We firstly a property of a K-algebra A with an ordered multiplicative basis (B A , >). 
Proof. Assume that v
Of course, K is a trivial K-algebra with ordered multiplicative basis. However, by Proposition 2.2, for any positive integer n, the matrix algebra M n (K) has not an ordered multiplicative basis. This means that the property for an algebra with ordered multiplicative basis is not Morita invariant, even not invariant under the expansion by a full matrix algebra. Now we will define a similar notion of ordered multiplicative basis as the replacement which is better as invariant under a certain sense.
Let R be a K-algebra with a multiplicative basis B. We say that > is a weakly admissible order on B if the following properties hold:
With this condition, (B, >) is called a weakly ordered multiplicative basis for R. Example 2.3. Let K be a field of charK = 2 and Γ be the quiver
Let Λ = KΓ and let G = σ be the automorphism group of Γ with order 2, where σ is defined satisfying that
Then, B = {e 1 , e 2 , e 1 , e 2 , α, β, α , β , e 1 σ, e 2 σ, e 1 σ, e 2 σ, ασ, βσ, α σ, β σ} is a K-basis of ΛG with V = {e 1 , e 2 , e 1 , e 2 }, V = {e 1 σ, e 2 σ, e 1 σ, e 2 σ}. Define an order < such that e 1 < e 1 σ < e 2 < e 2 σ < e 1 < e 1 σ < e 2 < e 2 σ < α < ασ < β < βσ < α < α σ < β < β σ.
Then, it is trivial to check that the skew group algebra ΛG has a weakly ordered multiplicative basis (B, <). 
is a multiplicative basis for Λ. Define a well order < in the multiplicative basis B as follows.
Let < Q be the left length-lexicographic order on
It is easy to check that this order < on B is weakly admissible, as required.
For the remainder of this section, let R be always a K-algebra with weakly ordered multiplicative basis (B, >).
and W2. This contradicts to the known condition.
Denote by 1 the identity of R on multiplication. We have the following:
Similarly, there is unique j 0 such that b = bv j0 and bv j = 0 for all j = j 0 .
Next, we can obtain
. According to the above discussion, there is v j0 ∈ V 0 such that vv j0 = v. Thus,
Due to (iii) of this lemma, for any b ∈ B, let v i , v j be the unique elements V such that 
(iii) By (i) and its proof, bb
From Lemma 2.6 and 2.8, we have firstly:
Corollary 2.9. In any weakly ordered multiplicative basis (B, >), V V = ∅. Conversely, letṽ ∈ V \ I, thenṽ
,ṽṽ
. We can say thatṽ 
Now, define the order in π(B) satisfying that for anyb
1 = b 1 + I,b 2 = b 2 + I ∈ π(B) with b 1 , b 2 ∈ B, letb 1 b 2 if b 1 > b 2 .
Then by the above ULP and (2.4), it is trivial to see that is a weakly admissible order on π(B).
One can think Theorem 2.11 as a method for constructing a new algebra with weakly ordered multiplicative basis from a known one. On the other hand, when R is a generalized path algebra, this theorem supplies an example of the converse problem of the latter Proof. By Lemma 2.6, it is just to prove all elements in V = {v 1 
For any v i ∈ V, suppose there are two nonzero orthogonal idempotents x and y such that v i = x + y.
Since
Thus, we can write
Therefore, b l b j = v i for any l, j and thus by (2.5),
We conclude that Proof. Assume R has a weakly ordered multiplicative basis (B, >), then the set
, where E ij (b) means the matrix whose all elements are zero except
Since bb ∈ B, it follows E il (bb ) ∈ M n (B). Therefore, M n (B) is a multiplicative basis.
Denote that
The only we have to show is that is a weakly admissible ordered on M n (B).
W0. Let S be any subset of M n (B). Denote T = {b ∈ B : ∃i, j such that E ij (b) ∈ S}. Since > is well-order on B, we have a least element b 0 in T . Then for any
Then, there are i 0 , j 0 such that E i0j0 (b 0 ) is the least element in K 0 on . It is easy to see that E i0j0 (b 0 ) is also the least element in S on . Therefore, is a well order on M n B.
W1. No loss of generality, we only need to consider
The proof of W2 is similar to that of W1.
The idempotents in the K-subalgebra KV of R generated by V can be presented as 
Proof. (i) For any
(ii) can be proved similarly. It is well-known that two rings R and S are Morita equivalent if and only if there is a positive integer n and an idempotent matrix e ∈ M n (R) such that S ∼ = eM n (R)e. Theorem 2.14 means that possessing weakly ordered multiplicative basis is invariant only for the special Mroita equivalence of R in the case e is the identity matrix; Proposition 2.16 means this property is invariant in the other case of Mroita equivalence of R, that is, n = 1 and e is only in KV, not any idempotent in R. Hence, the property for a Kalgebra to have weakly ordered multiplicative basis is not Morite invariant in general, but it has analogously invariant in the above cases. In this reason, we call the property for a K-algebra to have weakly ordered multiplicative basis is almost Morita invariant.
However, from some examples in [11] [5] [6] , the property for an algebra to have an ordered multiplicative basis is not such almost Morita invariant. This is just one of the motivations for us to introduce the notion of weakly ordered multiplicative basis.
Generalized Gabriel structure theorem
In this section, we assume that R is a K-algebra with weakly ordered multiplicative basis (B, >) and maintain the notation of the above section. The aim in this part is to give the generalized Gabriel structure theorem for a K-algebra with weakly ordered multiplicative basis as a reform of the Gabriel structure theorem for an artinian algebra in [7] [10] and the classical Gabriel structure theorem for a finite dimensional basic algebra over an algebraically closed field in [2] [3]. If
Then there are some b
We define the relation ∼ on B: 
Lemma 3.3. For v , v ∈ V and v = v , v ∼ v if and only if there is a unique
Proof. (i) has been proved in above.
(ii) By (3.2) and the definition of the relation ∼, it is easy to see that for any Therefore, in this sense, for a general R satisfying Proposition 3.6 which may be not artinian, we say eRe to be the basic algebra of R, as a generalization of the notion when R is artinian.
Example 3.7. For ΛG in Example 2.3, it is easy to check that for i = 1, 2, the projective modules of e i and e i are isomorphic with each other. So, due to the above discussion, the basic algebra B ΛG of ΛG is eΛGe with e = e 1 +e 2 . Then B ΛG has an ordered multiplicative basis {e 1 For any rational number q, denote q = ceil(q) = min{n ∈ Z|q n}. Now we define the Green quiver Q of R on B as follows:
Proof. Note that v
(i) The vertex set Q 0 is the upper index set {1, · · · , n} of {v
Note that (1) t ij is unique determined by the pair (i, j) due to Corollary 3.9; (2) if m ij = +∞ for some i, j, then t ij = +∞, that is, in Q there are infinite arrows from i to j.
Let A i be the K-subalgebra of R generated by the bases set {v
i M j with i M j the free A i -A j -bimodule with basis consisting of the m ij arrows from i to j, then the generalized path algebras
. It is easy to check that each Here R E denotes the ideal of R generated by E, K B the K-linear space generated by B. Thus J n = 0, that is, J is nilpotent, so J ⊂ rad(R). Now, it is sufficient to show that rad(R) ⊂ J. Let 0 = r ∈ rad(R). If there is a v ∈ V such that v ∈ Supp(r), then vrv ∈ rad(R) and Supp(vrv) \ {v} ⊂ B.
Proof. Consider the chain · · · ⊂
If there is aṽ ∈ V such thatṽ ∈ Supp(r), then
by Lemma 3.3. Similar to the above proof, we getṽ ∈ rad(R). And so o(ṽ) =ṽṽ −1 ∈ rad(R), which is contradict to the above proof. Thus V ∩ Supp(r) = ∅.
Therefore Supp(r) ⊂ B, that is, r ∈ J. So J = rad(R).
Corollary 3.12. If R is Artinian with weakly ordered multiplicative basis B, then the Green quiver Q of R on B is just the natural quiver of R.
Let T = {v 
From Corollary 3.12, we know that the Green quiver of an algebra R on weakly ordered multiplicative basis B can be thought as a generalization of the natural quiver of an artinian algebra defined in [7] [9] [10] .
Let i Ω j = {(s, α, t)} be a triple set with 1 s k i , 1 t k j and α an arrow from i to j. Set S ij = {v 
. Then ϕ can be extended linearly to a K-linear map.
And,
lt ), we have that ϕ| A is a K-algebra homomorphism.
Furthermore,
and ϕ(v 
On the other hand, by definition of ϕ, V ∪ V ⊆ Im ϕ. And, by Proposition 3.10, R is generated as an algebra by V ∪ V ∪ E. Therefore, it means that ϕ is surjective.
By the universal property of K(Q, A) as a tensor algebra, ϕ can be constructed and is also surjective. (1, a, 1), (1, a, 2), (2, a, 1) , (2, a, 2)} → {α, β σ} via σ 12 ((1, a, 1 )) = α = σ 12 ((1, a, 2) ) and σ 12 ((2, a, 1)) = β σ = σ 12 ((2, a, 2) ).
Thus, by Theorem 3.16 and its proof, there is an isomorphism: ΛG ∼ = K(Q, A)/I where I = E 11 aF 11 − E 11 aF 22 , E 22 aF 11 − E 22 aF 22 .
(ii) We can prove that ΛG is not a normal generalized path algebra.
In fact, assume that ΛG ∼ = K( Q, A) for a quiver Q and a collection A of simple Kalgebras. Then the number | Q 0 | of the vertex set of Q is two by [9, The diagram]. It follows that A = A or A = {M 3 (K), K} since the identity of ΛG is the sum of four primitive orthogonal idempotent elements. It is easy to check dimK( Q, A) 20 and dimK( Q, {M 3 (K), K}) 19 in any cases of the numbers of arrows of Q which are contradict to dimΛG = 16.
Remark 3.18. (1) This example says that the matrix algebra of a generalized path algebra is not necessarily a generalized path algebra, and so the property that an algebra possesses the structure of generalized path algebra is not morita invariant.
(2) By Example 3.7, the basic algebra B ΛG of ΛG is a path algebra and then is hereditary. It follows that ΛG is hereditary. It means that NOT any hereditary artinian algebras is a generalized path algebra, even if it is splitting over radical, e.g. when the ground-field K is of characteristic 0. In [10] , the authors gave that for a hereditary Artinian algebra A splitting over radical such that the surjective homomorphism π :
, then π is an isomorphism and thus A is a normal generalized path algebra. The example given here implies the condition ker(π) ⊆ J 2 in this result of [10] can not be omitted.
Skew Group Algebras
Throughout this section, Λ is a K-algebra with a ordered multiplicative basis (B, >). Suppose that σ : Γ 0 ∪ Γ 1 → Γ 0 ∪ Γ 1 is a bijection which can be extended to a K-linear automorphism of Λ satisfying the following:
Let G = σ be a finite cyclic group with |G| = n and charK n. Then the skew group algebra of G over Λ, denote by ΛG, is given by the following data: In the following, let ε be the n-th primitive root of 1 andb a G-orbit of b ∈ B. Since (B, >) is well-order, any orbitb (orv) has a unique minimal element, denoted as b (or v).
For 
Proof. In the sequel, we show that 
Secondly, we show that BG is a K-basis of ΛG. We note that B {bσ i |b ∈ B, 0 i < n} is a K-basis of ΛG. It is sufficient to show that BG is a linearly independent set by which BG can be linearly expressed.
Assume that there is an equation In the sequel, we check that is a weakly admissible order on (ΓG).
s,s } and V = (ΓG)
is obvious a total order and is a well order on ΓG Now we complete the proof.
